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OO \ Abstract 

\ We show that if a finite simple group G isomorphic to PSL n (g) or PSU„(g), where either n 7^ 4, or q is prime 

£Nj ' or even, acts on a vector space over a field of the defining characteristic of G, then the corresponding semidirect 

O ■ product contains an element whose order is distinct from every element order of G. As a consequence, we prove 

D ' that the group PSL n (g), n 7^ 4 or q prime or even, is recognizable by spectrum from its covers thus giving a 
partial positive answer to Problem 14.60 from the Kourovka notebook. 

00 : 

■ 1 Introduction 

q: 

If a group H is a homomorphic image of a finite group G then we say that G is a cover for H, 
or that G covers H. This paper is devoted to the following problem included in the Kourovka 
£h i notebook [H Problem 14.60]: 

i ■ Problem 1 Suppose that G is a proper cover for the finite simple group L = L n (q), n ^ 3. Is it 
^-j- ■ true that G contains an element whose order is distinct from the order of every element of L? 
OV 

This problem is related to the recognition of finite groups by spectrum. Recall that the spectrum 
uj(H) of a finite group H is the set of its elements orders. We call H recognizable (by spectrum) 
from its covers if, for every finite group G covering H, the equality of the spectra u{G) = oj(H) 

OO 

implies the isomorphism G = H. Thus, Problem [T] asks if every simple group L n (g), n ^ 3, is 
j> ! recognizable from its covers. 

^ Some special cases of this problem have already been treated elsewhere, e. g. [21 OH]. Moreover, 

the simple groups L 2 (q) are recognizable from their covers due to [SI E]. 

It can be shown (see Lemma [T2"|) that the consideration of Problem [T] may be reduced to the 
case where the cover G is the natural semidirect product W\L, where W is an elementary abelian 
p-group, p being the defining characteristic for L = L n (q), and the action of L on W is faithful 
and absolutely irreducible. We prove that such a G usually contains an element of new order. 
More precisely, if we denote L+(g) = PSL n (g) and L~(g) = PSU n (g), then the following holds: 

Theorem 1 Let e G {+, — } and let L = 14(g), q = p m be a simple group. Suppose that either 
n ^ 5, or n = 4 and q is prime, or n = 4 and q is even. If L acts on a vector space W over a 
field of characteristic p then uo{W XL) ^ u(L). 

As follows from the proof, in the case where either n ^ 5 or q is an odd prime we can assert 
even more: the group L contains a semisimple element g of p-maximal order (i.e. such that 
P \d\ & ^i-L)) which centralizes a nontrivial vector in W. Moreover, if n ^ 5 and q > 3, such an 
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element g may be chosen independent of the module W. The proof uses the properties of weights 
of the irreducible modules for the algebraic group of type A[. 

As a consequence of this result, we have the following (partial) affirmative solution to Problem[TJ 

Corollary 1 Let L = L n (g) be a simple linear group. If either n^4, or q is prime, or q is even 
then L is recognizable by spectrum from its covers. 

Therefore, the only remaining unresolved case for Problem [1] is where L = h^(q) with q odd 
and nonprime. We observe that the action of 14(g) in the defining characteristic turned out 
to be a more subtle issue. The above methods will not always work as there are examples of 
semidirect products W X L which do not contain elements of order pt for p-maximal order t 
coprime with p. This means that the action of unipotent elements of 14(g) should also be taken 
account of. For example, in characteristic p = 2, let W be the natural module for L = SU4(2). 
Then uo{W X L) \ lo{L) = {8}. There are also more complicated examples of this kind in odd 
characteristic. 



2 Preliminaries 

In what follows, we denote by ¥ q a finite field of g = p m elements. The center of a group G is 
Z{G). 

Let t > 1 and n be natural numbers and let e G {+, — }. If there exists a prime that divides 
t n — (el) n and does not divide t % — (el) 1 for 1 ^ i < n, then we denote this prime by £r En i and 
call it a primitive divisor of t n — {el) n . In general, a primitive divisor need neither exist nor be 
unique. The following lemma is a generalization of the well-known Zsigmondy's theorem: 

Lemma 2 Let t,n > 1 be natural numbers and e G {+, — }. There exists a primitive divisor t\ En \ 
of t n — (el) n , except in the following cases: 

(i) e = +, n = Q, t = 2; 

(ii) e = +, n = 2, and t = 2 l — 1 for some I ^ 2; 
(Hi) e = — , n = 3, t = 2; 

(iv) e = — , n = 2, and t — 2 l + 1 for some I ^ 0. 

Proof. See [U Lemma 5]. A 

Let q be a power of a prime and let e G {+,—}. For n G N, we define the generalized primitive 
divisor 

q [£n] , if g [en] exists, 

9, if (e,n,g) = (+,6,2), 

2\ if (e, n, q) = (+, 2, 2 l - 1) for I ^ 2, 

2\ if (e, n, q) = (-, 2, 2 l + 1) for / ^ 2. 

Observe that qT, is not defined if and only if 

(e,7i,g)G{(-,2,2),(- 2,3),(- 3,2)}. (1) 
The following assertion follows directly from the above definition: 
Lemma 3 Suppose that r = g* eri j is defined. Then 



(i) r I (g s — if and only if n \ s; 

(ii) for n > 1, we have gcd(r, q — el) = 1, unless (e, n, q) = (+, 2, 2 l — 1) or (—, 2, 2 l + 1); 
(Hi) if s | n and s > 1 then 

r I 9 " ~ ^" (2) 

unless (e, n, s, q) = (+, 6, 3, 2); 

(if) /orn > 1, t/ie group SL^(g) contains an irreducible element of order r. 

In the following lemmas, a quotient of the finite group SL^(g) by a central subgroup is said to 
be a group of type A^^q). 

Lemma 4 Let q be a power of a prime p. A group of type A^j_ 1 (g) contains an element of order 
p t+1 , t ^ ; if and only if n ^ p l + 1. 

Proof. See [H Corollary 0.5] ▲ 

Lemma 5 ii) Let L = 14(g) be a simple group. Then the numbers 

€ - (elf t~ l - (el)"" 1 m 
d(g-el)' d lj 

are coprime and and maximal by divisibility elements of uj(L). 

(ii) Let neN, let q be a power of a prime p and lets G {+,—}■ Suppose that n = s+bi+. . .+bk, 
where s = or s = p l with t ^ ; k ^ ; and all bi 's are pairwise coprime and greater than 1. 
If ( £ i<l) — (~ ) 2) then we assume additionally that bi ^ 2,3 for all i. If (e,q) = (—,3) then we 
assume that bi ^ 2 for all i. Put rj = q* £b _^ (which exists due to the restrictions on bi). Then 
p t+1 ri ■ . . . ■ r& ^ uj(SL^(q)) , where it is assumed that t = if s = 0. 

Proof. We prove item (ii) first. The particular case s = p l was proved in [U Lemma 9]; however, we 
do not exclude it from the consideration as we give here a different proof. Suppose to the contrary 
that there is a G SL^(g) of order p t+1 rx ■ . . . ■ r k . Then a lies in the centralizer C in SL^(g) of the 
semisimple element u = a pt+1 . By [7J Propositions 7, 8], C is a central product of groups My, 
i ^ 2, of type Af_ 1 (g M j) extended by an abelian group T of order lL^r j ~ (el) M ~ el), 

where //W is a partition of n» and the numbers n$ satisfy ^ini = n. In particular, 



^^«. = n. (4) 



Observe that w G Z(C) and Z(C) is an abelian group of order dividing Yl i (g M ^ — (el)^ 1 ^). Since 
|w| = ri • . . . • Tfc, by Lemma E(i) it follows that, for each / = 1, . . . , k, there are i,j such that bf 
divides //W- (if r/ is not prime then we should also recall that Z(C) is in fact a subgroup of the 
direct product of cyclic groups of the orders q^ — (el)^ for all By hypothesis, all the 

numbers bf are coprime and greater than 1; hence, the sum of those /i^- greater than 1 is at least 
h + . . . + b k . 

Now, because C contains an element of order p , one of the above components Mjy/ is 
nontrivial and such that i' ^ p l + 1 by Lemma HI If = 1, we have 

i V { % > h + . . . + b k + p* + 1 > n, (5) 

i,3 



contrary to (jlj). If fj,^, > 1, then i' fi^^, ^ p l + 1 + /j,^, and we still have This contradiction 
completes the proof. 

We now prove (i). First, following the above argument we show that the numbers in ([3]) are 
in /i(M). Let k denote either of these numbers. It is well-known that L contains an element of 
order k. We show the maximality of k in w(L) (with respect to divisibility). We may assume 
that (e, n, q) ^ (— , 3, 3), (— , 4, 2), because, for the groups U3(3) and U4(2), the assertion is readily 
verified. Suppose that there is an element a £ L of order a multiple of k. Then the preimage 
a £ S = SL^(g) of a lies in the centralizer C in S of a semisimple element u of order k. Observe that 
the generalized primitive divisor r = q* £n ^ (respectively, r = qtr n _i\i) exists, since L ^ U 3 (3), U 4 (2). 
Then u £ Z(C) and we conclude as above that n (respectively, n — 1) divides some But then 
(BJ implies that the decomposition for n is n = ri\ = fx^\ (respectively, n = n± = + fJL^\, 
where fjP-\ = n — 1 and = 1). In particular, C coincides with its toral part T isomorphic to 
the cyclic group of order (q n — (el) n ) / (q — el) (respectively, q n ~ x — (el) n_1 ). Due to the conjugacy 
of the maximal tori, T contains the center Z(S) of order d and hence the order of a £ T/Z(S) 
does not exceed k. 

We finally show that the numbers in ([3]) are coprime. Denote 

(eq) n - 1 eq - 1 (eq) 11 - 1 - 1 

x = , y = — , z = . 

eq — 1 d eq — 1 

Then up to sign the numbers in ([3]) coincide with xjd and yz, respectively. Note that gcd(x, z) = 1, 
since 

gcd {{eq) n - 1, (eq) 71 - 1 - l) = ( eq )s^(n,n-i) _ l = £q _ 1 

Also, setting f(t) = f 1 ' 1 + . . . + t + l £ Z[t] we can find g(t) £ Z[t] such that f(t) = (t-l)g(t)+n. 
Then the substitution t = eq gives x = f(eq) = n (mod eq — 1). Thus, gcd(x, eq — 1) = gcd(n, eq — 
1) = d and so gcd(x/d, y) = 1. The claim follows from these remarks. ▲ 

Lemma 6 (i) For every real x ^ 22, the interval (x/3,x/2] contains at least one prime, 
(ii) For every real x ^ 57, the interval (2x/3,x — 16] contains at least one prime. 
(Hi) For every real x > 45, the interval (3x/4,x — 8) contains at least one prime, 
(iv) For every real x > 27, the interval (x/2,x — 8) contains at least two primes. 

Proof, (i) For x < 72 the assertion is readily verified. Suppose that x ^ 72. There exists a £ [0, 3) 
such that x/3 + a = 3a for an integer a > 1. By [13J, the interval (3a, 4a) contains a prime. It 
remains to show that 4a ^ x/2. We have 4a = 4(x/3 + a)/3 < 4x/9 + 4 = x/2 - (x/18 -4) ^ x/2, 
since x/18 — 4 ^ 0. Hence, (i) holds. 

Items (i)-(iv) can be proved in a similar manner, except that in (ii) we should use a stronger 
result that, for every natural n ^ 119, the interval [n, 1.073n] contains at least one prime, see |15j . 
▲ 

Lemma 7 (i) For every natural n ^ 5 there exists a decomposition n = ni + . . . + n^, where 
ni, . . . , are pairwise coprime natural numbers at most one of which is equal to 1, such that the 
following property holds: for every 1 ^ j ^ n, there is a decomposition j = + . ■ - +jk' with k! ^ k 
and an injection r\ : . . . ,j k /} — > {ni, . . . , n^} satisfying, for all i = 1, . . . , k! , the conditions 

(a) ji < 



(b) ifvtii) > 1 th en gcd(Ji,rjUi)) > 1 - 

(ii) For every natural n ^ 5 and 1 ^ j ^ n such that (n,j) £ {(6,3), (8,3), (8,5)} ; there exist 
a decomposition n — n\ + . . . +rik, where n\, . . . , are pairwise coprime natural numbers distinct 
from 2,3 at most one of which is equal to 1, and a decomposition j — j\ + . . . + having the 
same properties as in (i) and satisfying the additional requirement that gcd(jj, rj(ji)) ^ 3 whenever 
r](ji) = 6, where i = 1, . . . , k! . 

Proof, (i) For a natural m > 1, we denote by x(m) the largest prime divisor of m. 

We will show that a stronger fact holds: there exists a required decomposition n = ni + . . 
with the additional property that 

x(ni . . .n k ) ^ (n + l)/2. (6) 

We proceed by induction on n. Suppose that n ^ 20. 

If n = 5 then n = 1 + 4 is the required decomposition. Indeed, for j = 1, 2, 4, we may set kl = 1 
and ji = j, while, for j = 3 or 5, we take k' = 2 and j = 1 + 2 or j = 1 + 4, respectively. If n — 6 
then we decompose n = 1 + 2 + 3. For all j, the corresponding decomposition j = ji + ■ ■ ■ + jk' 
is obvious. If n = 7, we set n = 1 + 6. For j = 1, 2, 3, 6, we set k! = 1 and, for j = 4, 5, 7, we set 
k' = 2 and j = 1 + 3, 1 + 4, and 1 + 6, respectively. If n = 9, we set n = 1 + 8. For j = 1 or j 
even, we set k' = 1 and, for j > 1 odd, we set k' = 2 and ji = 1, j 2 = j — 1. 

In all the above cases n = 5, 6, 7, 9, the injection r\ is straightforward and the property 
holds. 

Now, for n = 8, 10, 11, . . . , 20 we define recursively n = [n — r] + r for the respective values 
r = 3, 5, 5, 5, 7, 7, ... , 7, 5, 3, where [n — r] denotes the decomposition for n — r already defined. It 
is directly verified that all nj are pairwise coprime, at most one of them is 1, and that ([6]) holds. If 
j ^ n — r then the decomposition j = ji + . . . +jV is defined as for n — r with the same embedding 
T), while if j > n — r then we set j = [j — r] + r and extend r] by setting r](r) = r. (Note that, for 
n = 13 and j = 7, the decomposition [j — r] is considered empty.) 

Suppose that n ^ 21. By Lemma[6](i), there exists a prime r such that (n+l)/3 < r ^ (n+l)/2. 
Since n — r ^ (n — l)/2 ^ 5, by induction there exists a decomposition n — r = n\ + . . . + 
satisfying the hypothesis and, additionally, such that k{ti\ . . . nk ) ^ (n — r + l)/2. We show that 
n — n\ + . . . + nk + r is the required decomposition. Since r > (n — r + l)/2, it follows that 
each prime divisor of each is less than r; in particular, the numbers n\, . . . , nk ,r are pairwise 
coprime, at most one of them is 1, and K{n\ . . .n^r) = r ^ (n + l)/2. 

Now let 1 ^ j ^ n. As above, if j ^ n — r then the decomposition j = ji + ■ ■ ■ + jk' is defined 
by induction with the same embedding rj. Suppose that j ^ n — r + 1. We have n — r + 1 ^ r. 
If j = r then we take this equality for a (trivial) decomposition of j and set rj(r) = r; otherwise, 
j > r, i.e. l^j — r ^ n — r, and we set j = [j — r] + r, where the decomposition [j — r] and the 
embedding 7] on the components of [j — r] are defined by induction, and set rj(r) = r. From the 
construction it is clear that all the requirements on rj are satisfied, which completes the proof of 
(<). 

We now prove item (ii). In this case, we will find the needed decompositions for n and j such 
that = Hi for all 1 = 1, . . . , kl (we may fix the order of the summands Hi, because j is now 
fixed.) 



(a) First, we assume that either j = 2, 3, n — 2, n — 3, or (n,j) G {(8,4), (16,6), (16, 10)}. 
Then the decompositions for n and j are shown in Table [1] in the columns labeled [n] and [j] , 
respectively. Note that, in each case, due to the restrictions on n and j the components rij in 
n — Hi + . . . + Uk are distinct from 2,3, and (rii, ji) ^ 3 whenever rij = 6. All the remaining 
requirements are readily verified. 



Table 1: A decomposition for j = 2, 3, n - 2,n - 3 or (n,j) e {(8,4), (16,6), (16,10)} 





restrictions on n 


k 


N 


fc' 


bl 


(n,2) 


n = 1 (mod 2) 
ri = (mod 2) 


2 
1 


(n - 1) + 1 
n 


1 
1 


2 
2 


(n,n - 2) 


n = I (mod 2) 
n = (mod 2) 


2 
1 


1 + (n - 1) 
n 


2 
1 


1 + (n - 3) 

77.-2 




n = 1 (mod 2) 


2 


1 + (n - 1) 


2 


1 + 2 


(n,3) 


n = (mod 6) 
n = 2 (mod 6) 


1 

3 


n 

1 + 4 + (ri - 5) 


1 

2 


3 

1 + 2 




n = 4 (mod 6) 


2 


(n - 1) + 1 


1 


3 




n = 1 (mod 2) 


2 


(n - 1) + 1 


1 


n — 3 


(n, n — 3) 


n = (mod 6) 


1 


n 


1 


n — 3 


n = 2 (mod 6) 


3 


4 + (n - 5) + 1 


2 


2 + (n - 5) 




n = 4 (mod 6) 


2 


1 + (n - 1) 


2 


1 + (n - 4) 


(8,4), (16,6), (16, 10) 




1 


77, 


1 


j 



(6) We may now assume that j ^ 2, 3, n - 2, n - 3 and (n,j) £ {(8, 4), (16, 6), (16, 10)}. We 
show by induction on n that in this case a stronger fact holds: there are needed decompositions 
n = n\ + • • • + and j — j\ + . . . + jk 1 with the additional requirement that ji = rii for all 
i = l,...,k'. 

Observe that we may also assume that j ^ n/2. (Otherwise, we take n — j instead of j and 
decompose n = rii + . . . + n k and n — j — n\ + . . . + n^. Then j = ny+i + . . . + n k is the required 
decomposition for j, while n retains the same decompositions with the appropriate permutation 
of the summands.) We consider three subcases. 

(b.l) Induction base. If n ^ 112 then it can be directly verified that, for each admissible pair 
(n, j), the required decompositions for n and j have one of the forms 

1) n = (j) + (n-j), j = (j); 

2) n=(l) + (j-l) + (n-j), J = (l) + (j-l); 

3) n =(j) + (l) + (n-j-l), j = (j); 

4) n = [j] + [n-j], j = 

where in 1) — 3) a summand in parentheses denotes a single component of the decomposition, while 
in 4) a summand in brackets is decomposed as shown in Table EJ For example, if (n, j) = (21, 7) 
then gcd(j, n — j — 1) — gcd(7, 13) = 1 and so the decompositions in 3) satisfy the requirements. 

(6.2) Suppose that n ^ 113 and j ^ 2n/5. Then n — j ^ 3n/5 > 57 and by Lemma|6](ii) there 
is a prime r such that 

2(n- j)/3 < r < n- j - 16. (7) 
Clearly, r ^ 2,3. Moreover, we have 

j < 2(n — j)/3 < r , (8) 



Table 2: An exceptional decomposition for admissible pairs (n,j), with 2j ^ n ^ 112 





[n 




w 




[n 


3\ 


0] 


( n ii) 


[n 




m 


(21 


6) 


A _L 

4 H 


- ii 


1 4 


5 


(76 


36) 


a n 

4U 




7 4 


29 


/'on oo~\ 
(yy , zz ) 


77 




5 4 


17 


(25 


10) 


A 1 


ii 


1 4 


9 


(78 


22) 


oo 




5 4 


17 


(yy, oD ) 


Do 




5 4 


31 


(34 


12) 


ZZ 




5 4 


7 


(81 


6) 


A _L 

4 H 


71 

- ( 1 


1 4 


5 


(1UU, 1Z ) 


oo 




5 4 


7 


(36 


15) 


zl 




4 4 


11 


(81 


1 r\ 

15) 


1 1 


- oy 


15 




! 1 nn oo^ 
(1UU, ZZ ) 


7Q 

( o 




5 4 


17 


l A CT 

(45 


1 o\ 

12) 


oo 




5 4 


7 


(81 


36) 


40 




7 4 


29 


( \ nn axC\ 

(1UU, 40 ) 


Oo 




4 4 


41 


f AC 

(46 


6) 


1 1 
11 


1 oo 
4- ZM 


6 




/or 
(85 


10) 


A 1 

4 H 


71 

- / 1 


1 4 


9 


( 1 nc; i /i \ 
(lUo, 14J 


yi 




5 4 


9 


(16 


10) 




on 

- zy 


10 




/or 

(85 


15) 


1 1 
11 


i trn 

4- oy 


15 




(iuo, oy ) 


i 

4 




39 




(19 


Ol \ 

21) 




OQ 

- zo 


21 




(85 


34) 


01 




5 4 


29 


fi nc; /in"* 

(IUO, 4U J 


fit; 
Do 




7 4 


33 


(51 




4 H 


A 1 
- 41 


1 4 


5 


/or 

(oo 


nr\ 
OO) 


y h 


A 1 
- 41 


35 




(1UD, D ) 


1 1 
1 1 


i on 


6 




(51 


15) 




- zy 


15 




/OK 

(oo 


40) 


40 




11 


-f 29 




7 -1 


oy 


10 




(oz 


18; 


o4 




5 4 


13 


(88 


30) 


Oo 




7 4 


23 


(1UD, ZO J 


7Q 

I o 




5 4 


23 


(55 


10) 


4 H 


- 41 


1 4 


9 


/m 

(91 


21) 


1 1 


-r oy 


21 




(1UD, oD ) 


7D 
I U 




13 


+ 23 


(55 


15) 


1 1 
1 1 


J_ OQ 

■f" zy 


15 




(91 


26) 


Do 




7 4 


19 


( 1 nfi /in"* 

(1UD, 4U ) 


DD 




17 


4 23 


(■JO 


oo"\ 
ZZ ) 


OO 




o + 


1 1 


(91 


28) 


Do 




54 


23 


(1UD, OU ) 


OD 




94 


41 


(57 


21) 


^ _L 

o i 


qi 

- Ol 


21 




(91 


35) 


94 


-47 


35 




(111,6) 


44 


101 


14 


5 


(64 


28) 


36 




54 


23 


(91 


39) 


54 


-47 


39 




(111, 12) 


99 




54 


7 


(66 


26) 


40 




7 + 


19 


(92 


14) 


54 


-73 


14 




(111,15) 


74 


89 


15 




(69 


18) 


51 




5 + 


13 


(93 


24) 


69 




54 


19 


(111,33) 


54 


73 


33 




(70 


24) 


46 




5 + 


19 


(96 


20) 


76 




74 


13 


(111,36) 


75 




74 


29 


(76 


6) 


11 


+ 59 


6 




(99 


21) 


54 


-73 


21 




(111,45) 


74 


59 


45 




(76 


10) 


7-f 


-59 


10 







and hence 

{n-j)/2<2{n-j)/3<r. (9) 

Now the pair (n — r, j) satisfies the induction hypothesis. Indeed, by ([7]) we have j ^ 2, 3, n — r — 
2, n — r — 3, and n — r ^ j + 16 > 16. Hence, (n — r,j) is an admissible pair and by induction we 
have n — r = n\ + . . . + rik and j = n\ + . . . + rik>, where k' ^ k and n^'s are pairwise coprime, 
distinct from 2, 3, and at most one of them being 1. Since r > j by ((Sj), and r>n — r— j by 
([9]), it follows that r is greater than, hence coprime with, all n^s. Thus n = rii + . . . + + r and 
j = ni + . . . + nk' are the required decompositions for n and j. 

(6.3) Suppose that n ^ 113 and j > 2n/5. Then j > 45 and by Lemma[6^m) there is a prime 
s such that 

3j/4 < s < j - 8. (10) 

Since {n — j)/2 < 3j/4, we have 

(n-j)/2<s. (11) 

Due to j ^ n/2 we also have (n — j)/2 ^ n/4 > 27 and so Lemma [6](zt>) implies that there is a 
prime r distinct from s such that 

(n-j)/2 < r < n- j -8. (12) 

Consider the pair {n — s — r, j — s). By f|T2l and ffTUj) . we have j — s > 8 > 2, 3; n — j — r > 8 > 2, 3; 
and n — s — r = (^ — j — t) + (j — s) > 8 + 8 = 16. Thus (n — s — r, j — s) is an admissible 
pair and by induction we have n — s — r — n\-\- . . . + and j — s — n\ + . . . + ny- By (TTTI) and 
( JT2l) . we have s,r > (n — j)/2 ^ j/2. Thus s, r are distinct from, hence coprime with, all rij's. 
Therefore, n = s + rii + . . . + n k + r and j = s + ni + . . . + n k > are the required decompositions. 
This completes the proof of the lemma. A 



We emphasize that the difference of case (ii) from case (i) of Lemma [7J is not only in the 
requirement that n, 7^ 2, 3 but also in that the decomposition for n depends on the number j. 

Let r be a prime, G a finite group, and g G G. We say that g is an element of r-maximal order 
if r \g\ G" u(G). Examples of r-maximal orders for the groups SL £ n (q) are given in Lemma|5|ij) 

Lemma 8 Let S = SL £ n (q), with q = p m . 

(i) Let n ^ 5 and q > 3. Then S contains a semisimple element g of p-maximal order such 
that (g) n Z(S) = 1 and, for every ^ j ^ n, the product of some j distinct characteristic values 
of g (in the natural n- dimensional representation) equals 1. 

(ii) Let n ^ 4, ^ j ^ n, and (e, n, q) 7^ (— , 4, 2). Then S contains a semisimple element g of 
p-maximal order such that (g) fl Z(S) = 1 and the product of some j distinct characteristic values 
of g (in the natural n- dimensional representation) equals 1. 

Proof, (i) Let n = n\ + . . . + be the decomposition whose existence is stated in Lemma 
Wlyi)- Then S includes a naturally embedded subgroup isomorphic to SL^(g) x . . . x SL £ nk (q). By 
Lemma \Miv) and in view of the restriction q > 3, we may choose an element gi G SL^.(g) of order 

Ui = 1; , . 

' (13) 

Hi > 1. 

Set g — gi . . .g^ £ S (so that g is the direct sum of diagonal blocks By the coprimality of 
Tlx, ■ ■ ■ 1 n ki we have \g\ — r\ . . . r^, and hence \g\ is p-maximal by Lemma [51 Observe also that by 
Lemma &j,i) either \g\ is coprime with q — el, or q = 2 l ± 1 and there is 1 ^ io ^ k such that 
n io = 2. However, in the latter case, we must have k ^ 2, since n ^ 5. These remarks imply that 
(g) fl Z(S) = 1 by the construction of g. 

Clearly, the set of characteristic values for g is the union of those for gi which have the form 

{9,,^, 9^,..., 9^}, (14) 

for some 9i G F x of order rj, i — 1, . . . , k, where F is the algebraic closure of F p . 

If j = 0, we set g to be any semisimple element of p-maximal order such that (g) HZ(S) = 1. Let 
1 ^ j ^ n and j — ji + . . . +jk' as stated in Lemma H(z). Without loss of generality (renumbering, 
if necessary, the summands in n = rii + ■ ■ ■ + n^) we may assume that g(ji) = ni, i = 1, . . . , k', 
where r] is defined in Lemma [TJi) . It is sufficient to show that the product of some distinct ji 
values in (fT4l) equals 1. We may assume that n» > 1 (otherwise, 9^ = 1 and the claim holds). Then 
di = gcd(ji,ni) > 1 by the property (b) in Lemma CTJ^). Observe that, by Lemma M^iH) , we have 

( Fn ) n i _ 1 

- 1 ' ' - 1 + x + x 2 + ... + x d *-\ x = (eq) n * /d \ (15) 




1 1 (eg)"*/* - 1 

In particular, the set (TT4j) is the union of / = Ui/di mutually disjoint subsets 



in each of which the product of all elements equals 1 due to ffT5]) . Since ji/di ^ / by the property 
(a) of Lemma Uli), it follows that the union of arbitrary ji/di of the above subsets gives the 
required set of ji distinct characteristic values whose product equals 1. 



(ii) As above, we may assume that j > 0. First, suppose that n ^ 5 and (n, j) G" {(6, 3), (8, 3), 
(8, 5)}. Then we decompose n = ri\ + . . . + rik and j = ji + . . . + jw as stated in Lemma W[ii)- 
As above, there exists an element g = g\ . . . G S of p-maximal order r± . . . r&, where the r^'s 
defined by ffl3|) exist due to the restrictions rij ^ 2, 3. We now repeat the rest of the argument of 
(i) to show that there are j distinct characteristic values of g whose product equals 1. 

If (n,j) G {(8, 3), (8, 5)} and (e, q) ^ (— , 2) then because of (CD) we may allow a summand of n 
to equal 3. So we decompose n = 5 + 3, j = j (trivial decomposition). If (n, j, e, q) ^ (6, 3, +, 2) 
then the divisibility (fl5j) holds by ([2]) and we may repeat the above argument. 

If n = 4 and (e,q) ^ (—,2) then again 3 is a possible summand for n and so we decompose 
n = 1 + 3 if j = 1 or 3, and decompose trivially n = 4 if j = 2 or 4 and proceed as above. 

Suppose that S = SLg(2) and j = 3. Then S contains an element g of 2-maximal order 21 
whose characteristic values are z/j = 9 2 ' \ i — 1, . . . , 6, where 9 G F2 is of order 21. Observe that 
Z(S) = 1 and the product of 3 characteristic values u%, z/ 3 , z/ 5 of g equals 66 A 6 16 = 1, as required. 

Finally, let S = SUs(2) and j = 3 or 5. Then 5* contains an element g of order 45 (which is 
2-maximal) and whose block- diagonal form g = g\g2gz has three blocks of sizes 4, 3, 1 and the 
characteristic values Ui, . . . , u 8 of g are 

e 3 , (e 3 )- 2 , (e 3 ) 4 , (e 3 )- 8 , r 5 , (r 5 )- 2 , (r 5 ) 4 , e 30 ; (ie) 

> - „ ' V v ' 

91 92 93 

where # G F2 is of order 45. Then z/x^z/g = z/ 2 z/ 4 z/5Z/ 6 z/ 7 = 1 and so there are j characteristic values 
of g whose product equals 1. Since Z(S) = 1, the claim follows. A 

Lemma 9 If a Frobenius group KC with kernel K and cyclic complement C = (c) of order n acts 
faithfully on a vector space V over a field of nonzero characteristic p coprime with the order of 
K , then the minimal polynomial of c on V is x n — 1. In particular, the semidirect product V \ C 
contains an element of order p ■ n and dimCy[c) > 0. 

Proof. See [161 Lemma 1]. ▲ 

Lemma 10 A group H is recognizable by spectrum from its covers if and only if u(H) = 00(G) 
for every split extension G = N X H , where N is an elementary abelian r-group for some r and 
H acts on N absolutely irreducibly. 

Proof. Let G be a proper cover for H of minimal order such that 00(H) = u(G). By [TUl Lemma 12], 
we may assume that G = N X H, where H acts on the elementary abelian r-group iV irreducibly. 
Suppose that this action is not absolutely irreducible. Let F be a finite splitting field for H of 
characteristic r and consider a proper submodule iV of the reducible Fif -module N ®w p F. It is 
sufficient to show that c<j(iVo X H) = u(H). Suppose to the contrary that n h G No X H is an 
element of order not belonging to tu(H). Then the element 1 + h + h 2 + . . . + h^~ l considered as 
a linear transformation of N Q is nonzero. But then it is also nonzero as a linear transformation of 
N and hence G contains an element nh of order \n Q h\, a contradiction. ▲ 

Lemma 11 Let r be a prime and let L = L^(g) be a simple group, where q = p m and e G {+, — }. 
Then 00 (Z r x L) £ uj(L). 

Proof. Denote by a\ and a 2 the numbers in ([3]). By Lemma Mi), there is i = 1,2 such that r { a, 
and rai ^ uj(L). Since ra^ G u;(Z r x L), the claim follows. ▲ 



Lemma 12 Let L = L n (g) be a simple linear group, where q = p m . Then L is recognizable by 
spectrum from its covers if and only if u(L) = to{G) for every split extension G = N X L, where 
N is an elementary abelian p-group and L acts on N faithfully and absolutely irreducibly. 

Proof. By Lemma [10], we may assume that G = N X L where N is an elementary abelian r-group 
for some r and L acts on N absolutely irreducibly. By Lemma [TTJ L acts faithfully The image 
in L of the parabolic subgroup of SL n (q) of the shape q n ~ x : GL n _x(g) contains by [3j Lemma 5] a 
Frobenius subgroup KG with elementary abelian kernel K of order q n ~ x and cyclic complement C 
of order a = (g n_1 — l)/d, where d = gcd(n, q — 1). If r ^ p then, by LemmaE], we have ra G u>(G). 
However, ra G" uj(L) by Lemma 0^). Hence, r = p. A 

3 Weights of irreducible SL n (F)-modules 

In this section, we recall some facts from the representation theory of algebraic groups. For details, 
see e. g. [T2] . 

Let G = SL n (F), where F is an algebraically closed field of characteristic p. Then G is a simply 
connected simple algebraic group of type Ai, where I — n — 1. Denote by ujq the zero weight and 
by lu\,...,Ui the fundamental weights of G (with respect to a fixed maximal torus of G and a 
system of positive roots). Let Q = 7*uji © ... © Zu>i be the weight lattice and A the root system 
of G with the set a%, . . . , ai of simple roots. Also, let Q = 7ha\ © ... © Zcty be the set of radical 
weights and Q + = {aiUi + . . . + aiuii G Q \ a% ^ 0, . . . , ai ^ 0} be the set of dominant weights. 
The weights in the set fi£ = {aiUi + . . . + aiu>i G Q \ ^ ai < k, . . . , ^ a/ < k} are called 
k-restricted, where k is usually a power of p. 

For an irreducible (rational, finite dimensional) G-module L, denote by Q(L) the set of weights 
of L and by \(L) the highest weight of L. It is known that A(L) G f2 + and each dominant weight 
is the highest weight of some irreducible module L. The irreducible G-module of highest weight A 
is customarily denoted by L(X). Obviously, Q(L(uq)) = {uo}- The module L is called p-restricted 
if A(L) G flp. The modules L(ui), i = 1, . . . , I are called the microweight modules. The structure 
of the microweight modules is well known and described in the following lemma (see, e.g. [T2l 
II.2.15]): 

Lemma 13 Let G = SL n (F) and let V = F n be the natural G -module with the canonical 
basis ei,...,e n . Choose the diagonal subgroup H for a fixed maximal torus of G. Then 
is an eigenvector for H with the corresponding weight £j. Choose a system of positive roots 
{Ei — Sj | 1 ^ % < j ^ n}. Then, for 1 ^ k < n, we have Uk = E\ + . . . + Ef. and the mi- 
croweight module L(uJk) is isomorphic to the k-th exterior power A k V and has the set of weights 

£l(L(u k )) = {e h + e i2 + . . . + e ik | 1 ^ h < i 2 < ■ ■ ■ < %k < n}. 

The following assertion is a refinement of [U Proposition 2.3] for groups of type A\. 

Lemma 14 Let G = SL n (F) and let L be an irreducible p-restricted G-module. Write A(L) = 
aiUJi + . . . + aiU[. Suppose that i E {0,1, ... ,1} is the uniquely defined integer such that 

a l + 2a 2 + ... + lai = i (mod I + 1). (17) 

Then fi(£(o>*)) C £l(L). 



Proof. By [T2j Proposition II.2.4], Q(L) lies in a single coset of Q : Q and, by [9], Proposition 2.3], 
J1(L) contains c^o if A(L) is radical, and includes Q(L(u>i)) for some % = 1, . . . , I, otherwise. In the 
latter case, the index i is uniquely defined, since the weights uq,ui, . . . ,u>i form a transversal of 
Q, : tt by [Til VIII, §7.3, Proposition 8]. 

Therefore, it remains to observe that an arbitrary weight A = a\U)\ + . . . + aiUi G Q lies in the 
coset uii + flo if and only if (TTTT) holds. Indeed, if A = on is a simple root then (ai, . . . , a{) is the 
ith row of the Cartan matrix of type A\ and (fl7j) is directly verified. By the above, every weight 
A is in uji + fi f° r some % and adding or subtracting positive roots from A preserves the relation 
( 1171) and the coset Ui + Q . The claim follows from these remarks. ▲ 

4 Proofs of the main results 

We first give a proof of Theorem [TJ 

Proof. By Lemma [TQl we may assume that W is absolutely irreducible as a module for L. 
Moreover, by [HI Theorem 43], we may assume that W is a restriction to S — SL^(g) of an 
irreducible module L(X) for G = SL ra (F), where A G and F = ¥ p . Set I — n — 1. 

(a) We first consider the case where n ^ 5 and g > 3. It is sufficient to show that there is a 
semisimple element g E S of p-maximal order such that (g)r\Z(S) = 1 which centralizes a nonzero 
vector w G W. Indeed, if this is the case then the element wg G W X L has order p \g\ G" uj(L), 
due to u;(L) C co(S), where g is the image of g in L. 

We choose for a fixed maximal torus of G the diagonal subgroup H. Write 

A = A + pAi + . . . + p m_1 A m _a, A, G fi+ 

By the Steinberg Tensor Product theorem [Til Theorem 41], we have 

L(A) = L(A ) ® L(Ai)" ® . . . ® L(A m _i)^~ l , (18) 

where p denotes the twisting by the Frobenius map corresponding to the automorphism x *—>■ x p 
of F. By Lemma HU for each % = 0, . . . , m — 1, there exists fcj 6 {0, . . . , !} such that Vl{L{ujk.)) C 
f2(L(Aj)). In particular, the set Q(L(X)) contains all possible weights of the form 

A*o + PHi + ■ ■ ■ + P m_1 /im-i, fM G n(L(Wfej)). (19) 

By Lemma [TBI /ij can be an arbitrary sum of k{ distinct weights in {e\, . . . ,e n }. 

Let g G S be the semisimple element whose existence is stated in Lemma IK*)- Then there is 
a G G such that h = a g E H. By Lemma 0^), there are fcj distinct characteristic values of g 
whose product equals 1 and we define /ij to be the sum of the corresponding fcj weights Sj so that 
^i(h) — 1 for alH = 0, . . . , m — 1. Denote by \i the sum f|T9l with just defined. Then we have 
/ti G ^(L(A)) and 

Hih) = fi (h) tH (hy... l x m _ 1 (hy m ~ 1 = 1. 
Let wo G be a weight vector for G of weight /i so that woh = fi(h)wo = wq- Set w = w$a. Then 

wg = w ag = w ha = w a = w. 

Thus g is the required semisimple element of S. 
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(b) We now suppose that n ^ 4, q is prime, and (e, n, q) ^ (— , 4, 2). In this case, A G f2+ = f2+ . 
By Lemma [IH there exists j G {0, . . . , /} such that Q(L(u>j)) C fi(L(A)). Hence, by Lemma [TBI 
f2(L(A)) contains the sum of arbitrary j distinct weights in {s±, . . . ,£ n }. Now, we choose by 
Lemma |8[m) a semisimple element g G S of p-maximal order such that (g) n Z(S) = 1 and the 
product of some j distinct characteristic values of g equals 1. There is a G G such that h = a g G H 
and so the product of some j characteristic values of h equals 1 as well. We set fi equal to the sum 
of the corresponding j weights {e\, . . . ,e n } so that fi(h) = 1. (Then G Q(L(X)) by the above.) 
If now w G W is a weight vector for G then, as in case (a), wg = w, where w = w a and so g is 
as required. 

We emphasize that, in this cases, the principal difference from case (a) is that the module W 
is p-restricted and that the choice of g depends on W. 

(c) Finally, let n = 4 and let q be even. By Lemma 6 in [4j, L contains a Frobenius subgroup 
KC with kernel K of order q\ e & and cyclic complement C of order 4. By Lemma [TT], KC acts 
faithfully on W and hence Lemma M implies that 2|C| G cj(VF X L). However, 2\C\ = 8 G" cj(L) 
by Lemma HI This completes the proof of the theorem. A 

Corollary [1] is now a direct consequence of Lemma [12] and Theorem [TJ 
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